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1. Introduction

Let F:RE x RM x R — R be a Carathéodory function, which is locally
Lipschitz in the second variable (the real variable) and satisfies the follow-
ing conditions:

(F1) F(z,0)=0 for all ze RL x RM and there exist ¢; >0 and r €]p, p*|
such that

&l <ci(s|” 4+ 1sI”Y), VE€dF(z,5), (z,5)eREXRM xR.

We denoted by 9 F(z, s) the generalized gradient of F(z, -) at the point s e R
and p*=(L+M)p/L+ M — p is the critical Sobolev exponent.

Let a:Rf x RM — R (L >2) be a nonnegative continuous function satis-
fying the following assumptions:

(A)) a(x,y)>=ap>0 if |(x,y)|>R for a large R > 0;

(A2) a(x,y)— 400, when |y| — 400 uniformly for x e RE;
(A3) a(x,y)=a(x',y) for all x,x' e Rt with |x|=|x'| and all y e RM™.

* This work was partially supported by MEdC-ANCS, research project CEEX 2983/11.10.2005.
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Consider the following subspaces of W7 (RL x RM)

E={ue W' REXRM): u(x, y)=u(x', y)V x,x' e RE, |x|=|x'|, Vy e R},
E={ueW1”’(RLxRM): a(z)lu(z)l”dz<oo},

RL+M

Ea=EﬂE={ueE:/ a(z)lu(z)l”dz<oo}
RL+M
endowed with the norm
||uI|1’=/ IW(Z)I”dH-/ a(z)u(z)|Pdz
RL+M RL+M

and the closed convex cone K={ve E:v>0 a.e. in Rf x RM}.
The aim of the present paper is to study the following eigenvalue
problem (Py): For A >0 find uek such that

/ |W(z)I”‘ZW(z)(Vv(z)—Vu(z))dz+/ (@)U (@) (0(2)—u(2))dz
RL+M

RL+M

—I—Af FO(z, u(2); v(2)—u(z))dz > 0
RL+M

for all veK, where F°(z,s;t) is the generalized directional derivative of
F(z,-) at the point s in the direction ¢.

The motivation to study this problem comes from some mechanical
problems where a certain nondifferentiable term perturbs the classical
functions. Panagiotopoulos [26] developed a more realistic approach, the
so-called theory of variational-hemivariational inequalities, see for exam-
ple the monographs Motreanu-Panagiotopoulos [20], Motreanu—Radule-
scu [21] and Naniewicz—Panagiotopoulos [23], Gasinski-Papageorgiou [11],
where the problems are studied on bounded domains.

On unbounded domains the methods must be changed, because the
embedding of the Sobolev space W'?(RM) into L”(R") is not compact.
A widely used tool in treating variational-hemivariational problems is the
Principle of Symmetric Criticality, which states that it is enough to study the
existence of critical points of a given function on a certain subspace, not
on the whole space. For instance we mention the space of radially symmet-
ric functions of H'(R"). In the differentiable case this principle was proved
by R. S. Palais [25] and it was successfully applied by T. Bartsch and M.
Willem in [5, 6]. The case of locally Lipschitz functions was developed by
W. Krawcewicz and W. Marzantowicz [13] and applied by A. Kristaly [16,
17], and also by C. Varga [30], Zs. Dalyai and Cs. Varga [10]. Extensions of
this principle for Szulkin [29] type functionals can be found in the paper [14]
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of J. Kobayashi and M. Otani. The case of Motreanu—Panagiotopoulos type
functionals was investigated by A. Kristaly, Cs. Varga, V. Varga in [18].
In the case when F is of class C' with F’= f problem (P;) becomes

(Pkl) —Apu+a(x, y)u"_l =Af(x,y,u), yeRL x RM

and was studied by D. C. de Morais Filho, M. A. S. Souto and J. Marcos
Do [22].

When p=2,L=0, and F is of class C! with F’= f, then problem (P})
becomes

(P}  —Auta(yu=»rf(y,u), yeR".

When a=1 or a is radially symmetric or its level sets have some local or
global properties, the existence and multiplicity of solutions of these prob-
lems were studied by Bartsch and Willem [5], T. Bartsch, Z. Liu, T. Weth
[2, 3], T. Bartsch and Z.-Q. Wang [4], M. Willem [31].

If p=2, a is coercive and F is locally Lipschitz the problem (P)) was
studied by F. Gazzola, V. Radulescu in [12], while the case p=2, a=1 and
F locally Lipschitz the problem (P,) was investigated by A. Kristaly [16], Cs.
Varga [30]. In the above mentioned papers K coincides with the whole space.

Here the main results (Theorems 3.1 and 3.2) establish the existence
and multiplicity of solutions of (P;), by using the Principle of Symmetric
Criticality (see [18]) in connection with the Mountain Pass Theorem (Cor-
ollary 3.2 from [20]) and a three critical point Theorem due to S. Marano
and D. Motreanu (see Theorem B in [19]). To do this we also used the
following embedding property given in [22] by D. C. de Morais Filho,
M. A. S. Souto, J. Marcos Do: E, is continuously embedded in L*(REF x
RM) if p <s < p*, and compactly embedded if p <s < p*. These results
are given in Section 2 together with two examples. Section 3 and 4 con-
tain the proofs of the main theorems together with some auxiliary results.
The Appendix is devoted to the Principle of Symmetric Criticality for
Motreanu-Panagiotopoulos functionals.

2. Basic Notions and Preliminary Results

Let (X, ||-|) be a real Banach space and X* its topological dual. A func-
tion h: X — R is called locally Lipschitz if each point u € X possesses a
neighborhood N, such that |h(u;) —h(uy)| < L|juy —u>|| for all uy,ur eN,,
for a constant L >0 depending on N,. The generalized directional derivative
of h at the point u € X in the direction z€ X is

h(w+tz) —h(w)
; )

h°(u;z)=limsup

w—u,t—0F
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The generalized gradient of h at u € X is defined by
Ah(u)={x*e X*: (x*, x) <h’(u; x), VxeX},

where (-, -) is the duality pairing between X* and X.

Let Z=h+ ¥, with h: X — R locally Lipschitz and ¢ : X — (—o0, +o0]
convex, proper (i.e., ¥ #4o00), and lower semicontinuous. Z is a Motreanu—
Panagiotopoulos type functional, see [20, Chapter 3 ].

DEFINITION 2.1 (J20, Definition 3.1]). An element u € X is said to be a
critical point of Z=h+, if

R v—u)+y ) —y@) =0, VYveX.

In this case, Z(u) is a critical value of 7.

Let G be a topological group which acts /inearly on X, i.e., the action
G x X — X:[g,u] gu is continuous and for every g € G, the map u+> gu
is linear. The group G induces an action of the same type on the dual
space X* defined by (gx*,u)=(x*, g~'u) for every g€ G,uec X and x*e X*.
A function h: X — RU{+o0} is G-invariant if h(gu) =h(u) for every g€ G
and ueX. A set KCX (or K CX*) is G-invariant if gK ={gu:ueK}CK
for every g€ G. Let

Y={ueX:gu=u for every ge G}

the fixed point set of X under G. The Principle of Symmetric Criticality
for Motreanu—Panagiotopoulos functionals is the following.

THEOREM 2.1. Let X be a reflexive Banach space and T=h+{¥: X - RU
{+o0} be a Motreanu—Panagiotopoulos type functional. If a compact group
G acts linearly on X, and the functionals h and  are G-invariant, then every
critical point of T|x is also a critical point of T.

DEFINITION 2.2 ([20, Definition 3.2]). The functional T =h+ ¥ is said
to satisfy the Palais-Smale condition at level c e R (shortly, (PS).), if every
sequence (u,) from X satisfying I(u,)— ¢ and

RO (s v — ) + ¥ (V) — Y (u) > —epllv —upll, YveX,

for a sequence (g,) in [0, 00) with &, — 0, contains a convergent subsequence.
If (PS). is verified for all c e R, T is said to satisfy the Palais-Smale condition
(shortly,(PS)).
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For the later use a non smooth version of the Mountain Pass Theorem, i1.e.
Corollary 3.2 from [20].

THEOREM 2.2. Assume that the functional I: X — (—00, 400] defined by
I =h+, satisfies (PS), 1(0)=0, and

(1) there exist constants a >0 and p >0, such that I (u) >« for all ||u||=p,
(1) there exists ec X, with |le|| > p and I(e) <0.

Then, the number

c=inf sup I(f (1)),
Fel ¢e0,1]

where
I={feC(0,1], X): f(0)=0, f(1)=e},
is a critical value of I with ¢ > «.

Let hy, hy: X — R be locally Lipschitz functions, and let ¢: X —]— o0
+o0] be a convex, proper, lower semicontinuous function. Then the func-
tion hy+ v +Ahy is a Motreanu—Panagiotopoulos type functional for every
A € R. The following result was proved by Marano and Motreanu [19],
Theorem B.

THEOREM 2.3. Suppose that (X, ||-||) is a separable and reflexive Banach
space. Let Iy =h + 1, I =h,, and let A CR be an interval. We assume
that:

(a1) hy is weakly sequentially lower semicontinuous and h, is weakly
sequentially continuous;
(ap) for every A€ A the function I + A1, fulfils (PS).,c€R, and

" ‘lllm (Ii(u) + A1 (n)) =+o0;

(a3) there exists a continuous concave function h: A — R satisfying

sup 1nf(11 W)+ 1L w)+h)) < 1nf sup(I1 () + Al (u) +h(X)).

AEA UE X e

Then, there exists an open interval Ao C A, such that for each i € Ay the
function Iy + Al has at least three critical points in X.
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We introduce the functional F: F — R defined by

7:(”)=/ F(z,u(z))dz.
RL+M
In our proofs we will need the following result (see [10]).

LEMMA 2.1. If the function F satisfies the condition (F1), then F is locally
Lipschitz and we have

f‘)(u,v)gf F'(z, u(z); v(z))dz,

RL+M

for every u,ve E. Moreover, the above inequality remains true on every closed
subspace Y of E:

0
<5’-" ) (u,v)f/ FO(z, u(z); v(2))dz,
Y RL+M
for every u,veY.

Let Z,: E —]—00, 400] be defined by
1
Ix(u)=;IIMII”—?»J'"(M)+1/f/c(u),

where Y (u) denotes the indicator function of the closed convex cone IC,
ie.

0, if xelk,
Yrelw)= { +o00, otherwise.
Clearly ¥x is convex and lower-semicontinuous on E.

Now we rewrite problem (P;) by using the duality map. By Theorem
3.5 from [1] it follows that E is a separable, reflexive and uniform convex
Banach space. We denote by E* its dual. Let J: E — E* the duality map-
ping corresponding to the weight function ¢:[0, +o0[— [0, +o0[ defined by
@(t)=1t""", where p€]l, +oo[. It is well known that the duality mapping J
satisfies the following conditions:

[[Jull«=¢(|u|]) and (Ju,u)=||Jull,||lu|| for all uekE.

Moreover, the functional x: E — R defined by x(u) =(1/p)|lu||? is convex
and Gateaux differentiable on E, and dx = J. For these properties of the
duality mapping J we refer to [8].
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The problem (P,) can be reformulated in the following way: For A >0
find u € C such that

(Ju,v—u)+k/ FOz, u(2); v(2) — u(2))dx =0

RL+M

for every ve k.

LEMMA 2.2. Fix A >0 arbitrary. Every critical point u € E of the functional
T, is a solution of the problem (P;).
Proof. Since u € E is a critical point of the functional Z,, one has

(Ju, v —u) +A(—=F)°(u; v —u) + Yic (v) — Yic () > 0

for every ve E. From Lemma 2.1 we obtain

(Ju,v—u) +A/ FOz, u(2); u(z) —v(2))dz + Yic(v) — Yy (u) >0

RL+M

for every veE.
Therefore u € K and for every v e we have

(Ju,v—u)+k/ Fz, u(2); u(z) —v(z))dz > 0. O

RL+M

We consider a non-negative continuous function a: Rf x R¥ - R (L >2)
satisfying the assumptions (A}), (A,), (A3) given in Section 1 and recall the
following subspaces of W!7(RL x RM)

E={ue W' RExRM):u(x, y)=u(x’, y) Vx, x’ e RE, |x|=|x|,Vy e RM},
E= {ue whr(rE XRM):/RHMa(z)Iu(z)I”dZ<oo},
Ea=EﬂE={uEE:/RHMa(z)Iu(z)I”dz<oo}

endowed with the norm
IIMII”=/RHM |VM(Z)|de+/RL+Ma(Z)lu(Z)lpdz.

The next result is proved by de Morais Filho, Souto, Marcos Do [22] and
is a very useful tool in our investigations.

THEOREM 2.4. If (A}), (Ay) and (As) hold, then the Banach space E, is
continuously embedded in L°*(RY x RM), if p <s < p*, and compactly embed-
ded if p<s < p*.
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We have,
lully <C(s)llull  for each u € E,,

where | -||; is the norm in L*(RY x RM) and C(s) >0 is the embedding
constant.

3. Main Results and Examples
Let

G:{g:EaE:g(v):vo((I;(I)d]RM>,RGO(RL)},

where O(R?) is the set of all rotations on RZ and Idgw denotes the M x M
identity matrix. The elements of G leave RE*M invariant, i.e. g(RETM) =
REHM for all geG.

The action of G over E is defined by

(gu)(z)=u(g™'z), g€G, uckE, ae zeRIM,

As usual we shall write gu in place of 7 (g)u.
A function u defined on R is said to be G-invariant, if

u(gz)=u(z), VgeG, ae zeRM,

Then u € E is G-invariant if and only if u € ¥, where

Y:=E,=ENE.

We observe that the norm

) = {/RHM(IW(Z)I”+a(z)|u(z)|”)dz}P

is G-invariant.

In order to study our problem we give the assumptions on the nonlinear
function F. We assume that F:RY x RY x R — R is a Carathéodory func-
tion, which is locally Lipschitz in the second variable (the real variable) and
satisfies the following conditions:

(F1) F(z,0)=0, and there exist ¢; >0 and r €]p, p*[ such that

lEl<ci(slP +1sI”™h), YE€dF(z,s), (z,5) eRETM xR,
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We denoted by d F(z, s) the generalized gradient of F(z, -) at the point s e R.

(F2) lim X UE1:6 €0F (@, 5))
s—0 S|p71

(F3) There exists v> p such that

RL+M.

=0 uniformly for every z ¢

VF(z,8)+ F%z,s;—s) <0, V(z,5) eREFM x R,

(F4) There exists r >0 such that

inf{F(z,5):(z,|s]) e RETM x[r, 00)} > 0.

Arguing as in the proof of Lemma 4.1 in [17] one has.

Remark 3.1. (a) If F:RM x R — R satisfies (FI) and (F2), then for
every € >0, there exists c(¢) >0 such that

() [El<els|P ' +c(e)lsI”™!, VE€dF(z,5), (z,5) eRFM xR;
(ii) |F(z,9)| <els|” +c(@)ls|", Y(z,5) eRFFY xR,

(b) If F:REFM xR — R satisfies (FI), (F3) and (F4), then there exist
c2,c3>0 and v €]p, p*[ such that

F(z,8) = cals|” —cals|”.

To study the existence of the solutions of problem (P;), it is sufficient to
prove the existence of critical points of the functional 7, (see Lemma 2.2).
The main results of the paper are:

THEOREM 3.1. Let F:RE x RM x R — R be a function, which satisfies
(F1)~(F4) and F(-,s) is G-invariant for every s € R. Then for every A >0
problem (Py) has a nontrivial positive solution.

From the other hand, by replacing (F3) and (F4) with the following two
conditions

(F'3) There exist g €]0, p[,v € [p, p*l.a € L7 (REFM) B e LI(RETM)
such that
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F(z,5) <a(z)|s|?+B(z)
for all seR and a.e. zeRTM,;

(F'4) There exists ug € K such that / F(z,u0(z))dz > 0;

. . RL+M .
we obtain at least three solutions to problem (P;). To be precise we estab-

lish the following theorem.

THEOREM 3.2. Let F:RE xRM x R— R be a function which satisfies (F1),
(F2), (F'3), (F'4) and F(-,s) is G-invariant for all s e R. Then there exists
an open interval Ay C A such that for each )€ Ay problem (P,) has at least
three distinct solutions which are axially symmetric.

Remark 3.2. If in the above theorem we change the condition (F’3) with

F(z,s)

(F”"3) limsup <0, uniformly in z e Rt x RM,

then the conclusion of Theorem 3.2 remains true.

Here we give two examples, where the above results can be applied
successfully.

EXAMPLE 3.1. Let keR, k> 1. We define the sequence of real numbers
(A,) by Ap=0, and

11 1 1
Av=gptoptyp Tt nzl

Let r > p>2. We consider the functions f, F:R— R given respectively by
f)=sls|P2(Is|""P+A,) for se]—n—1,—n]U[n,n+1[, neN,
F(u):/ f(@s)ds foruel—n—1,—n]U[n,n+1[, neN.

0

Clearly F satisfies (F1), (F2), (F3) and (F4), hence owing to Theorem 3.1
problem (P;) has a nontrivial positive solution.

EXAMPLE 3.2. Let A:RY — R be a continuous, nonnegative, not identically
zero, axially symmetric function with compact support in R%. We consider
F:RE xRM xR — R defined by

F((x,y),s)=A(x)min{s", [s|?} for (x,y)eRxRM, seR

where r € |p, (L+M)p/L+ M — p[ is an odd number and ¢ €]0, p[. The
function F satisfies the assumptions (F1), (F2), (F’3) and (F'4) and F(.,s)
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is G-invariant for all s € R. Theorem 3.2 implies that there exists an open
interval Ag C A such that for each A € Ay problem (P,) has at least three
distinct solutions which are axially symmetric.

4. Proof of Theorem 3.1

Because the cone K is G-invariant, it follows that ¥ is G-invariant. Tak-
ing into account that the action of G is linear and isometric on E, we
deduce that the function y(u)= l”qu is G-invariant. The function F is
also G-invariant, because F(-,s) 1s G-invariant for every s € R. If we apply
Theorem 2.1, it is sufficient to prove that the functional Zx:=7,|x has crit-
ical points, which implies that the functional Z, has critical points, which
are solutions for problem (P,). We introduce the following notations:

-z =Il-1l

L Fe=F| . b=t
z ) z

and the restricted duality map Jg: X — £* with Jg =J| . Therefore we
b
have

1
Iz(M)=;|IM|I§ —AFs W)+ ¥s(u).

In the next we verify that the conditions of Theorem 2.2 are satisfied by
the functional Zsx.

PROPOSITION 4.1. If F:RE x RM xR — R verifies the conditions (F1)—(F3)
and F(-,s),s €R is G- invariant, then Ts satisfies the (PS) condition, for
every A > 0.

Proof. Let A>0 and ceR be some fixed numbers and let («,) CX be a
sequence such that

1
IZ(MH):;Huan —AFs(uy) +¥s(u,) —c 4.1)
and for every ve X we have

<Jzun,v—un>+xf FO(z, un(2); ttn (2) — 0(2))dz +

RL+M

-Hﬁz(v)—‘ﬁz(un)Z—SnHv—Mnllz, (42)

for a sequence (g,) in [0, +oo[ with g, — 0.
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By (4.1) one concludes that (u,) C XN X. Setting v=_2u, in (4.2), we
obtain

(JEunv Mn>+)\'/ FO(Zs Mn(Z); —Mn(Z))dZZ—anMnHE- (43)

RL+M

By (4.1) one has for large n €N that
1 p
C+lzzllun||2_)‘f2(un)~ (44)

We multiply inequality (4.3) with v~! and use Lemma 2.1 to obtain

n Jsuy, un A
8n||u 15 Z_( Sy, Uy) __/ FOz, 1,(2); —11,(2))dz. 4.5)
) V Vv RL+M

Adding the inequalities (4.4) and (4.5), and using (F3) we get

&n 1 1 »
ctl+—luplls = ( — == ) lually —2 [F(z, un(2)) +
v p v RL+M

1
+;F0(z, Un(2); —un(2))]dz

1 1
> (———) [[24]15-
p v

From this, we get that the sequence (u,) CXNX is bounded. Because E is
reflexive, it follows that X is reflexive too and there exists an element u €
¥ such that u, — u weakly. Since XN X is closed and convex, we get u €
KN X. Moreover, from (4.2) with v=u we obtain

(st U—itn)+1 / FO(2, tn(2); ttn(2)—u(2))dz = et — ]| 5. (4.6)

RL+M

From this we get

(Jsup, uy —u) 5/\/ FO(z, 1 (2); n(2) — u(2))dz + & |ty —ul|x
RL+M

<Al max{§ (2)(un(2)—u(2)): §,(2) € IF (z, un(2))}dz

RL+M
+eullun —ulls

<k / (ela @17 +e@lita ™ ) tn(2) — u(2)1d2
RL+M

+8nllun_u||2-
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Hence, by Holder’s inequality and the fact that the inclusion X —
L?(RE+M)Y is continuous (see Theorem 2.4), we obtain

(Jstn, g —u) < AeC(P)||uy — || |un 5" +

-1
Frc(@)un —ullelunll;™ +enllun —ulls.

Moreover, the inclusion ¥ < L"(REFM) is compact for r €]p, p*[ (see
Theorem 2.4), therefore ||u, —u||, — 0 as n— +o00. For — 0" and n — 400
we obtain that limsup,_, . (Jsu,, u, —u) <0. Finally, since the duality
operator Jyx has the (S,) property (see, Proposition 2.1 in [24]) we obtain
u, —u in I, because K is closed. a

PROPOSITION 4.2. If F:RE x RM xR — R verifies (F1)~«(F4) and F(-,s)
is G-invariant for every s € R, then for every A >0 the following assertions
are true:

(1) there exist constants «o; >0 and p, >0 such that Tsu) > «; for all
llulls = pa,
(1) there exists e, € KC with ||e;|| > py and Is(e;) <0.

Proof- From Remark 3.1 and from the fact that the embedding X —
L'(RE*M) is continuous for [ €[p, p*], it follows that

Fx(u) <eCP(pllulls +c@C"()lully,

for every u € ¥. It is suffices to restrict our attention to elements u which
belong to XN X, otherwise Zx (1) will be 400, i.e. (i) holds trivially.

Let A > 0 be arbitrary. We choose ¢ €]0, 1/pAC?(p)[ and foru e KN'X we
have

o 1 ) A
Ts) = llullf =3F5 ) = (= C" () ) lullf = 2c(@)C ()l lull.

We denote by A= % — AeCP(p) and B=Aic(e)C"(r) and we consider the
function g: R, — R given by g(t) = At? —lBtr. The function g attains its

—

global maximum in the point ¢, = %) " If we take p; =1, and o €

10, g(#,)[, the condition (i) is fulfilled.
To prove (i) from (b) Remark 3.1 we observe that for every u € KN X we have

Ty () < Sl + AesCP — ,
E(”)_p||”||z+ 3 CP(p)llulls —reallull,,.
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If we fix an element ve (XN X)\{0} and in place of u we put rv, then
we have

1
Is(tv) < <; +k63C"(P)> [[vll5” — heal vl 12"

From this we see that if ¢ is large enough, then ||zv||x > p, and Zx(tv) <O.
If we take e, =rv we obtain the desired results. O

The Proof of Theorem 3.1. Now we prove that the conditions of Theorem
2.2 are satisfied by the functional Z5. Because F(z,0) =0, it follows that

Iz(o)=/ F(z,0)dz=0.
]RL+M

From Proposition 4.1 we get that Zyx satisfies the (PS) condition. Proposi-
tion 4.2 implies that Zy satisfies the conditions (i) and (ii) from Theorem
2.2, hence the number

o,=inf sup Is(f (1)),
FEr ¢el0,1

where

L ={feC(0,1], £): f(0)=0, f(l)=e},

is a critical value of Zy with ¢; > «;. O

5. Proof of Theorem 3.2

Now we give some auxiliary results in order to prove Theorem 3.2. We
consider the functional f:E x A —]— 00, +00] given by f(u,r)=1;(u)+
M5 (u), where

1
11(M)=;Ilu||”+lﬂ/c(u), Iz(u)=—f(u)=—/ F(z,u(z))dz.

RL+M

As in Lemma 2.2 we have that every critical point of the function f =
I + AI; is a solution of problem (P,). Using Theorem 2.1 it is suffi-
cient to prove that the functional fx= (I} +ADL)|s satisfies conditions from
Theorem 2.3, where we choose A, ¥, hy: X — R

1
hl(u)=;||14||p, Vi) =19z ),

hz(u)=—]-"g(u)=—/ F(z,u()dz, ueXx,

RL+M
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and take
L=h+V¥,, L=h,.
First we prove that (a;) holds.

PROPOSITION 5.1. If F:RE x RM x R — R verifies the conditions (F1) and
(F2), then hy is weakly sequentially lower semicontinuous and h, is weakly
sequentially continuous.

Proof. The weakly sequentially lower semicontinuity of i;=1/p||-[|% is
standard (every convex lower semicontinuous function is sequentially lower
semicontinuous, see e.g. [7]).

In order to prove the weakly sequentially continuity of 4, we assume
that (u,) is a sequence in ¥ such that u, —u (in X). We will prove that
Fs ) = Fx(u).

By Lebourg’s Mean Value Theorem (see [9]) it follows that there exist
6,€[0,1] and v, € 3Fx(u +6,(u, —u)) such that

fE(”n)_fZ(u)=<vnaun_u>-

We denote w, =u + 6, (1, —u). Using the definition of fg, Lemma 2.1 it
follows that

Fa(ttn) — Fo ) < (F5)*(wns ty — ) < f Fo(2, wn (2): 4y (2) — u(2))dz

RL+M

=/ max{(v(z),un(z)—u(z)):veaF(z, wn(z))}.
RL+M

Now we use Remark 3.1 to get

Fx(up) — Fx(u) E/

RL+M

(e|wn<z>|"—1 +c(s)|wn<z)|’—1) i, (2) — u(z)|dz.

We use Holder’s inequality and the fact that the inclusion ¥ < L?P(REHM)
is continuous (see Theorem 2.4) to obtain

Fs(up) —Fs(u) <eC(p)llu, —ulls IIwnIIZ_1 +c(e)C () lluy —ull, lw, 177"
(5.1)

Now we use the same ideas as before for —Fyx and find the existence of
7, €[0,1] and 0, € 9(—Fx)(u + t,(u, —u)) such that

Fx(u) = Fx(un) = (On, up — u).
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We denote w, =u+ 1, (u, —u). Using the definition of —]:g, and properties
of the generalized gradient (see [9]), it follows that

Fs(u) — Fs(y) < (—Fz) (s g — u) = (Fz)* (W u — u).
Analogously to (5.1) we get

Fs () — Fr () <eC(p)luy — ull s |0all2" +c(e)C(r) x

ity — ull | I}~ (5.2)
Using (5.1) and (5.2) we have

| Fs () = Fs )| <eC(p)lluy —ulls (Jwall5™" +
Hllall5™) 4 @) C )l — ull (lwall, ™" 4 10 171).
(5.3)

The inclusion ¥ < L"(RETM) is compact for r €]p, p*[ (see Theorem 2.4),
then we get that ||lu, — ul||, > 0 as n — 400, while the sequences (w,)
and (w,) are bounded in the ||-||, and |- |, norms. Then in (5.3) we get
Fs(u,) — Fs (). Hence h, is weakly sequentially continuous. O

Proof of Theorem 3.2. For this let u € XN X, from condition (F'3) and

from the fact that the embedding ¥ < L"(R:*M) is continuous and ¢ < p
it follows that

fz(u,K)Z%Ilullg—)»/RHMW(Z)IM(Z)quz—)» B(z)dz

RL+M
1
Zgllull’é — Mleel] e ul 5 = Al1BI

1
> ;IIMII% — Mleel| = (@ lull5; = 11BN

Therefore, if ||u||x — 400, we have fx(u, ) — 4o0. Let (u,) CKXNX be
a sequence such that

Se(un, A)—>c 5.4)

and for every ve X we have

(Usttn, v — ttn) + 1 / FO(2 0 (2): 14 (2) — v(2))dz 4+ V5 (v) — P ()
RL+M

> —é&pllv—unlls, (55)
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for a sequence (e,) in [0, +o0[ with &, — 0. From (5.4) follows that the
sequence (u,) is bounded in X NX and as in Proposition 4.1 we get that

there exists an element u € KN X such that u, — u. Let us define the func-
tion

1
g(t)=sup {fz(u): ;Ilullg St} :

Using (ii) from Remark 3.1 and the fact that the inclusion X < L/(REHM),
Le[p, p*] is continuous, it follows that

g(1) <eCP(p)t+c(e)C (r)t>. (5.6)

On the other hand g(¢z) >0 for each ¢ >0, then from the above relation we
get

lim 22 —0. (5.7)

t—0t f

By (F'4) it is clear that uy#0 (since F(0)=0). Therefore it is possible to
choose a number 5 such that

1 _1
0<n<Fs(uo) |:;||M0||§] -

From lim,_+g(#)/t = 0 it follows the existence of a number #, €
]0, 1/p||uo||§[ such that g(t) <ntyo. Thus

1 -1
g(fo)<|:;||M0||§i| Fx (uo)to.

Let po >0 such that

1 -1
g(t)) < po < [;lluollg] Fx (uo)to. (5.8)
Due to the choice of # and (5.8) we have

po < Fs (o). (5.9)

Define h: A =[0, +oo[— R by k(i) = por. We prove that the function h
satisfies the inequality

sup inf (fs(u,A)+hQ)) < inf sup(fsu,r)+h(0)).
AEA uekNx uekNy rEA
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The function
) 1 »
Asi— inf [ —|lully +A(oo — Fx(u))
uekNx p

is obviously upper semicontinuous on A.
From (5.9) it follows that

1
Jdim inf [ fo(u ) +pod] < lim [—||M0||§+)»(P0—f>:(uo))]=—oo.
(5.10)

Thus we find an element A € A such that

1 —
sup mf (fe, ) +p0)= lnf [;I|u||'£+)»(po—fz(u))]- (5.11)

AEA UE KNz

From g(t)) < po it follows that for all u € ¥ with 1/p||u||§ <1y, we have
Fs(u) < pyp. Hence

1
rosinf{—nung:fz(u)z/)o}. (5.12)
p
On the other hand,

lnf Sup(fz(u )»)+p0/\)— lnf [—Ilullg +sup ()»(po—fz(u)))}
uekNT pep rEA
=inf{;||u||§:}"z(u)2po }
Thus (5.12) is equivalent with

o < 1nf sup[fz (u, ) + por]. (5.13)

AeA
There are two distinct cases:

(@) If 0<i <ty/py, we have

. 1 - _
inf [—Ilu||§+k(po—fz(u))]ffz(O,k)=Apo<to.
Knz | p

ue

Combining the above inequality with (5.11) and (5.13) we obtain the
inequality from (a;) Theorem 2.3.
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(D) If #5/po < A, then from py < Fx(ug) and (5.8) it follows

. 1 - 1 —
it [;nung + (e —»7:2(”))] < ol + 700 = F (o))

1 p o
< —Iluolly +—C(po — Fx (uo)) < to.
p £0

Theorem 2.3 implies that there exists an open interval Ao C A, such that
for each A € Ay, the function fx (-, A) has at least three critical points in XN
Y. Therefore, problem (P;) has at least three distinct solutions for every
A€ Ay. This ends the proof of Theorem 3.2. O

Final remark. The results of this article remain true for a more general
class of convex functions defined on the cone of positive functions, than the
indicator function of K. This will be investigated in a furthercoming paper.

6. Appendix—The Principle of Symmetric Criticality
for Motreanu—Panagiotopolus functionals

Following the paper of A. Kristaly, C. Varga, V. Varga from [18] we pres-
ent in this section the Principle of Symmetric Criticality for Motreanu—
Panagiotopolus functionals.

Let Z be a Motreanu—Panagiotopoulos type functional, i.e. Z=h+ ¥, with
h: X — R locally Lipschitz and v: X — (—o0, +00] convex, proper (i.e. ¥ #
+00), and lower semicontinuous functions.

One can characterize the critical points (in the sense of Definition 2.1)
by means of differential inclusions.

PROPOSITION 6.1 ([15]). An element ue X is a critical point of T=h+ 1,
if and only if 0€dh(u)+ 0y (u), where 9y (u) denotes the subdifferential of
the convex function V¥ at u, i.e.

Y w)={x"eX*:y()—y¥@)>x* v—u)x for every ve X}.

Let G be a topological group which acts /inearly on X, i.e., the action
G x X — X:[g, u]— gu is continuous and for every g € G, the map u+> gu is
linear. The group G induces an action of the same type on the dual space
X* defined by (gx*,u)x = (x*, g 'u)x for every ge G, ue X and x* e X*.
A function h: X — RU{+4o00} is G-invariant if h(gu)=h(u) for every ge G
and ue X. A set KCX (or K CX*) is G-invariant if gK ={gu:ueK}CK
for every g€ G. Let

Y={ueX:gu=u for every ge G}

be the fixed point set of X under G.
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In order to give the proof of Theorem 2.1, we recall first some facts from
[14]. Let

D (X)={y:X - RU{oco}:¢y is convex, proper, lower semicontinuous};
O (X)={¢¥ € d(X): ¢ is G —invariant};
Ig(X*)={K CX*: K is G —invariant, weak*—closed, convex}.

PROPOSITION 6.2 ([14, Theorem 3.16]). Assume that a compact group G
acts linearly on a reflexiv Banach space X. Then for every K € I'¢(X*) and
Y € ®g(X) one has

KisNoWls)w)#D=KNoy(u)#0h, uecx, (6.1)
where K|y ={x*|s:x*€ K} with (x*|g,u)s={(x*u)xy, uex.

Let A: X — X be the averaging operator over G, defined by

Auz/ gudu(g), ueX, (6.2)
G

where p is the normalized Haar measure on G. Relation (6.2) means
(x*,Au)X=/(x*,gu)xdu(g), ueX, x*eX*r. (6.3)
G

It is easy to verify that A is a continuous linear projection from X to X
and for every G-invariant closed convex set K C X we have A(K)C K. The
adjoint operator A*: £* — X* of A: X — X is defined by

(w*, Az)y = (A*w*, 2)x, z€X, wreX™. (6.4)

LEMMA 6.1 Let h: X — R be a G-invariant locally Lipschitz function and
ueXx. Then

(@) d(hls) () Coh(u)ls.
(b) dh(u) e T (X*).

Proof- (a) Let us fix w*€d(h|g)(u). Then by definition, one has

(w*, v)g < (h|g)’(u; v) for every ve .
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First, a simple estimation shows that (h|x)°(u; v) <h®(u; v) for every ve X.
Thus, applying the above inequality for v=Az € X with z € X arbitrarily
fixed, by (6.4) one has

(A*w*, 2)x = (w*, Az)x <h’(u; Az). (6.5)
Using [9, Proposition 2.1.2 (b)] and (6.3), we get

hO(u; Az) =max{(x*, Az)x: x* €dh(u)}
— max{ /G (x*, g2)xdpu(g): x* € ah(w))

S/Gho(u;gZ)du(g)=/Gh°(g‘lu;z)du(g)=/6h°(u;z)du(g)
=h"(u; 2).

Combining this relation with (6.5), we conclude that A*w* € dh(u). Since
w* = A*w*|y, we obtain that w* € dh(u)|s.

(b) Since 0h(u) is a nonempty, convex and weak*-compact subset of
X* (see [9, Proposition 2.1.2 (a)]), it is enough to prove that dh(u) is
G-invariant, i.e., gdh(u) Coh(u) for every g€ G. To this end, let us fix geG
and x*€dh(u). Then, for every z€ X we have

(gx*, 2)x=(x" g D <h’w; g 7' =h"(gu; ) =h"(u; 2),
1e., gx*edh(u). O
Proof of Theorem 2.1. Let u € ¥ be a critical point of Z|g. Apply-

ing Proposition 6.1 one has 0 € d(h|g)(u) + d(¥|s)(u). Moreover, due to
Lemma 6.1(a) we have

B#—0(hlx) )N s) () S —0hw)|s NI(Y|x) ).

By choosing K =dh(u) in Proposition 6.2 and taking into account Lemma
6.1(b), relation (6.1) implies that @ # —dh(u) Nady (). Thus, in particular
0e€dh(u)+ 0y (u), ie., u is indeed a critical point of Z. O
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